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M-Theory

¥ Hull, Townsend, Witten (1995)
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M-Theory

¥ Hull, Townsend, Witten (1995)



¥ T-duality is a duality between two string theories
compactibPed on a circle of radius R and 1/ R

¥ S-duality is a duality in Type 11B theory where the
coupling constant gets inverted.

¥ Strong coupling limit of E8 X E8 Heterotic theory is also
M theory between two M9 branes.

¥5 Consistent Superstring Theories and M-theory are
connected.



T and S Duality




¥ M2 branes =D2 branes of type IIA In the InPnite
coupling limitfg?saym= gdls =R?/IF°

¥ 3-dimN=8 Super-Yang-Mills in the inPnite coupling
limit.

¥ Superconformal Field Theory withSp(8|2)
¥ Large N-limit: M-theory on Ad8S geometry
¥ ABJM Theory of M2 branes dit*xRs/Z:
¥ N=6 U(N)k X U(N)« Chern-Simons Matter Theory

¥ k=1:enhanced Superconformal Symmetry to 32



M2 Branes



¥ 6d SCFT with symmetry OSp(2,6[2)

¥ conformal symmetry SO(2,6) and R-symmetry
Sp(2)=S0O(5)

2-form peld B and 3-form pbeld strength H=dB=*H
tensionless strings: M2 branes connecting M5 branes
A, D, & Egroup : type IIB orC?/! ape

How to formulate nonabelian theorgovariant derivative

Large N= M-theory orAdSxS

K K K K K K

N=degrees of freedom



M5 Brane



3,4,6 dim SCFT with maximal SUSY (32)

3-dim: SCFT on M2 branes

6-dim: SCFT on M5 branes

4-dim: SCFT on N D3 branes:

¥ N=4 Super Yang-Mills theory with gauge symmetry SU(N)
Tools to explore p-brane:

¥ Partition function on S1xSp, Rr+1, Sp+l | E.more

¥ Defect partition function: Wilson line, OHooft line, surface
operators,E

AdS-CFT, Supergravity



¥ M-Theory as the unique TOE of every matters and
forces

¥ How do you come down from 10-dim to 4-dim
¥ String theory: 6-dim Calabi-Yau space

¥ M-theory: 7-dim G manifold (G2 holonomy out of
SO(7) and



M-Theory (String Theory) as TOE



(2,0) with OSp(2,6|2) & (1,0) with OSp(2,6|1)
tensor multiplet, vector multiplet, hypermultiplet

Non-Lagrangian theory (no nonabelian tensor
multiplet..)

¥ Strongly coupled theory

¥ Many dualities in low dimension get originated from

these theories



6d Superconformal Field Theories



¥

Highly nontrivial examples

M5 near M9 branes: Es global symmetry

¥ bd En SCFT theories, Es elliptic genus of strings

M5 brane proving C2/Zx : Ax-1quiver theory (Hagighat et.al)
Minimal models: (Heckman et.al. )

M5 brane proving C2/Zx near Egs M9 brane



5d Approach

¥ Douglas (2010), Lambert-Papageorgakis-Schmidt-Sommerfeld
(2010)

¥ Xe! X6+ 2R 6
¥ Low energy dynamics: F+~Re$ 46 for abelian theory (F=*H),
¥ 5-dim N=2 U(1) Maxwell Theory with g5°=8IR ¢
¥ N M5 branes on St = N D4 branes
¥ 5-dim N=2 U(N) Yang-Mills Theory
¥ Instantons = KK modes: Ho#%$e6#% ~ Yone Fu Fg
¥ No additional KK mode Is necessary
¥ perturbative approach: D?F* term at 6-loop (Bern et.al. 2012):

¥ Incomplete? need charged instanton contribution?
(Papageorgakis and Royston 2014)



5d Yang-Mills in Coulomb Phase

¥ |nstantons= Kaluza-Klein modes , 8! 2 /gs2= 1/Rs

¥ threshold bound states of k instantons for Kaluza-Klein
momentum k quantum state

¥ massive tensor multiplet: Instanton (1,0), 4 (1/2,0),
5(0,0) ; anti-instanton (0,1), 4(0,1/2),5(0,0) of
SU(2)xSU(2)r of SO(4) rotational symmetry.

¥ the strong coupling Imit (R " () Is the 6d (2,0) theory,
¥ Monopole strings (1/2 BPS)

A

¥ Monopole string junctions (1/4 BPS) :I 7

¥ count BPS objects

N(N2! 1)_|_N(N! 16)(N! Z)ZN(N;! 1):h(;dG




Dyonic Instantons in 5d N=2 SYM: SO(4) ot X SP(2)R

¥

¥

Index for BPS states with k instantons Q = QE ?ZEiiiE 1 SU@)k

(W, 1,00, 10) = Tr (1 1)F € Q7 g a3t T2@o2) i"gfw

', - chemical potential for U(L)N " U(N)eoer ~ 20I0INt Nyper Bavor

)1.)2)r . chemical potential for SU(2)., SU(2)a, SU(2)r

calculate the index by the localization: 1(q,,1123) = ! 1

k=0

5d N=2* Instanton partition functionon R4x S1. t g t+*

In * * 0 and small chemical potential limit, the index
becomes 4d Nekrasov instanton partition function : |
Hi .1~ R .1+ 'R o q:e27r7/r

ai = — Iy = o = | , M= 1=
2 2 2 2 \
/ l\ / ’T\ nstanton fugacity
Scalar Vev Omega deformation parameter Adj hypermultiplet mass




N-colored Young diagram & index

IN
Ki = K, ki = #of boxes in the i! th Young diagram
i=1

10,0 (1.0 (2.0 ‘ 210.0 (0.0 (L0 4(2.0 * o0 w{0.0 y(1,0

For example - ]

Evaluate the Gaussian integral and obtain the instanton index

(’} +YR) E;j+i(y2—yr)

I _ H H sinh £ sinh 5
¥ Yn} = smh —i sinh Zu—%m

t,j=1 s€Y; 2

Ei; = p;i — p; + (71 — yr)hi(s) +i(n + vr)(v;(s) + 1)

The index for the instanton (5d Nekrasov partition function)

=YY Y v

k=0 S ki=k Y;(k;)



6d (2,0) Theory on S 1xS»

Radial quantization of d-dim conformal Peld theory
¥ Euclidean R N> Rx S 5 with conformal transform
¥ Minkowski RxS®: operator at the origin of R® = instate

1 1

R1.R _
Supercharge lelj 123 Q= |2 %2| 1 1’8 Q

N|

super algebra {Q,S} = E-j1-J2-]3-2(R1+R>)
BPS states on S°: chiral operators E =ji1+j2+]j3+2(Ry1+ Ry)

Witten index:
| =Tr '(! 1)F e (RS} ! E!

Y

L2t m(Ry R @i+ bizt s o4 by c=(

Counts the superconformal index



Twisting & Dimensional Reduction to R x CP

- . 1
Killing spinoreq ! m!: = iE! YAERE

¥ Killing spinors: SO(1,5)=SU(2,2) chiral spinor and 4-dim of Sp(2)=SO(5)g

¥ 32 Killing spinors = 3x8 (SU(3) triplet) +1x 8 (SU(3) singlet) under
SU(3) isometry of CP*:

¥ () +, #exp(-it/2 +3i y/2)E : singlet
¥ (1) +,#exp(-it/2-iy/2)E : triplet

¥  Twisting

€old = e—Mj\dl‘],)[‘lenew: M = —My = 3%), Mys = —Msq = 3%1)
/\old = € gM”p”)\newa 3

( 2)01‘1 = e+(3+p)iy/2(¢l + ¢2)new a ~ 6 T 2 (Rl + R2) 9 (Rl R2)
(¢4 + z¢5)old = e+(3—p)iy/2(¢4 + Z.QS:'S)new'

k! Ji+ a2+ )3+ :_;(R1+ R2) + g(Rl" R2), p=o0dd integer

Singletgt, # for Q= Q) ,S= Q..

2



5d Lagrangian on R x CP 2
Q=Qu 5= Qi

¥ Lagrangian on R x CP2 with 2 supersymmetries for any p:

K 1 1 21
s = = oz tr[ R Wy wrong (A8 A A AA
a2 o, op2 9| 4 9 /_|g| Iz ( P U n)
1 , 1 1 . .
—§Du¢1D"¢1 + Z[(bh bs)? — 247 — §(MIJ¢J)2 — (3 — p)[d1, D] b3 — (3 + p)[P4, D5] D3

i

2

|

\ M - i" - 1_ mn
Ay Dp/\ 2/\p1[¢1, /\] 8/\'}' Amn + 8

/—\Mupu/\], (2.27)

¥ Supersymmetry Transformation
0A, =+ i/_\'y,,e = —l€Y A, 0¢r = —\pre = Epr,

1 , ) .
oA =+ §Fpu’7wf + 1D, orpryte — §[¢1, bslpri€ — 2¢1p1€ — Mpjoip €.

¥ p=-1/2: Kk = j1t)2t|3+ R1+ 2R>

¥ additional supersymmetries: Total 8 supersymmetries

+ - - -
Q—++ ) + —+ ++ — Conjugates



the Index functionon S 1x S»

5d SYM on 85 Hee-Cheol Kim, Seok Kim:1206.6339; Hee-Cheol Kim, Joonho Kim, S.K. 1211.0144

¥  S-dual version of the index El R

Tr (0 1)F == e F (F-R1)
2

B N(N2! 1) N N

- 6 24

(I O)index -

lim
¥ Vacuum energy: p' =0

Stationary phase: D'=D?=0, F= 2s J, , + D=4s, s=diag(s 1,S2,E.,S n)

Path Integral: Off-shell, localization

Z 1 [d)‘z] e‘g EzNzl 8?—1: Zz si)\,;Z(l) Z(l) Z(z) Z(z) Z(3) Z(g)

|W| o pert “inst = “pert“inst = “pert“inst *
§1,82,"8 N=—00 s

For K=1, well-conbPrmed for k - N with N=1,2,3 with the AdS/CFT
calculation



Check

 E.g. k=N = 3: (all results multiplied by vacuum energy factor & e3F) 4, = ¢ ) = Hlm—3)

. ‘ 2 2 2 2 ! o2
Zpo-2y = 3 [u (n+mw+m)+yini+y+u3)+y (n+mw+y) -1+ —+—+-+)+4 ,u‘]
Y2 N
. . \ 1, 1 1 1 Y 4 }
Foy [y +wa+us) = (uy ' +w s )+ Y +y
Zg1-n+ Zp-2 2y W+ +u) = (' + ' ')y + P
‘ { : | 1 | 1 2]
-2y [m.'/l twtwm) -y, +y +y )ty Yy
' ‘ y, o2, 2 1 1 1 yr 2
by’ — 4y (1 +y2+ys) — 2y (!/I Fy - —— — —) +2 (— '''''' 2y 1+ 2+ 1)
N Y U Yo U
’ 5 2 : 1 1 |
Zaop-ny = U +vnm+wp+uy)-yly, +uy +yy)+1

, ' , , l | 1 T
Zsuvgra = 3P+ 2% (g1 +ya+us) +y (!/‘, bys +Yy = —— — —) (— =4 |y ity +ys)
"n 12 s

¥ Non-zero Bux states contributing to the index

¥ s=(N-1,N-3,E,-(N-1)) =s o : SU(N) Weyl vector

- N(N?! 1
¥ Index vacuum energy: Eo =1 ( 5 )

-

-add all




5d Yang-Mills Theory in Coulomb Phase:

¥ 5d Massless Vector in Cartan = 6d Massless tensor: Fy;=$ 46
¥ 1/2 BPS 6d massless modes

¥ 5d Massive W-bosons= wrapped selfdual strings for each roots
¥ 1/2 BPS 6d selfdual strings

¥ 1/2 BPS 5d magnetic monopole strings

_i
¥ Interaction vertex: off-shell, structure constant fagc /
> |

¥ 5d )WW f.; :6d selfdual string (.) + massless cartani ; <

¥ 1/4 BPS self string + momentum

¥  5d WWW f« :6dwrapped selfdual string junction off-shell <j<‘

¥  1/4 BPS selfdual string junction

¥  for simple-raced group ADE: the second Casimir fagcfagc IS equal to
anomaly coefpbcientcg



M2 brane connecting M9-M5 brane
O8-D8 NS5 brane D2 brane, (0,4) 1+1 theory

O(n) gauge theory+ vector (adj)+ hyper(symm)+ fermi
(O(16)x O(Nn))

holonomy A1+IA > =uU

two holonomy, U1, U>

det U= %1

holonomy integral: elliptic genus

n=1,2,3,4 case done (n=1,2 known)



M-theory still remain mysterious ever.
key mystery is nonabelian electromagnetic duality.)
Exploration of M2 and M5 brane physics has been fruitful.

We are In early stage of understanding the nature of 6d (1,0)
and (2,0) superconformal peld theories.

There are also gravity side of stories via AdS CFT
correspondence.



