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M-Theory
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M-Theory
¥ Hull, Townsend, Witten (1995)



T and S Duality

¥T-duality is a duality between two string theories 
compactiÞed on a circle of radius R and 1/ R

¥S-duality is a duality in Type IIB theory where the 
coupling constant gets inverted.

¥Strong coupling limit of E8 X E8 Heterotic theory is also 
M theory between two M9 branes.

¥5 Consistent Superstring Theories and M-theory are 
connected.



T and S Duality



M2 Branes

¥ M2 branes =D2 branes of type IIA in the inÞnite 
coupling limit: [g23dYM]= gs/ls =R2/lP3

¥ 3-dim N=8 Super-Yang-Mills in the inÞnite coupling 
limit.

¥ Superconformal Field Theory with OSp(8|2)

¥ Large N-limit:  M-theory on AdS4xS7 geometry

¥ ABJM Theory of M2 branes on R1+2xR8/Zk: 

¥ N=6 U(N)k x U(N)-k Chern-Simons Matter Theory

¥ k=1: enhanced Superconformal Symmetry to 32



M2 Branes



M5 Brane

¥ 6d SCFT with symmetry OSp(2,6|2)

¥ conformal symmetry SO(2,6) and R-symmetry 
Sp(2)=SO(5)

¥ 2-form Þeld B and 3-form Þeld strength H=dB=*H

¥ tensionless strings: M2 branes connecting M5 branes

¥ A, D, & E group : type IIB on C2/! ADE    

¥ How to formulate nonabelian theory: covariant derivative

¥ Large N= M-theory on AdS7xS4   

¥ N3 degrees of freedom



M5 Brane



3,4,6 dim SCFT with maximal SUSY (32)

¥ 3-dim: SCFT on M2 branes

¥ 6-dim: SCFT on M5 branes

¥ 4-dim: SCFT on N D3 branes: 

¥ N=4 Super Yang-Mills theory with gauge symmetry SU(N)  

¥ Tools to explore p-brane:

¥ Partition function on S1xSp, Rp+1, Sp+1 , É.more

¥ Defect partition function: Wilson line, Õt Hooft line, surface 
operators,É

¥ AdS-CFT, Supergravity



M-Theory (String Theory)  as TOE

¥ M-Theory as the unique TOE of every matters and 
forces

¥ How do you come down from 10-dim to 4-dim

¥ String theory:  6-dim Calabi-Yau space

¥ M-theory:  7-dim G2 manifold (G2 holonomy out of 
SO(7) and 



M-Theory (String Theory)  as TOE



6d Superconformal Field Theories

¥ (2,0) with OSp(2,6|2) & (1,0)  with OSp(2,6|1)

¥ tensor multiplet, vector multiplet, hypermultiplet

¥ Non-Lagrangian theory (no nonabelian tensor 
multiplet..)

¥ Strongly coupled theory

¥ Many dualities in low dimension get originated from 
these theories



6d Superconformal Field Theories



6d (1,0) SCFT

¥ Highly nontrivial examples

¥ M5 near M9 branes: E8 global symmetry

¥ 5d En SCFT theories, E8 elliptic genus of strings

¥ M5 brane proving C2/Zk   :  Ak-1 quiver theory (Hagighat et.al)

¥ Minimal models: (Heckman et.al. )

¥ M5 brane proving C2/Zk near E8 M9 brane 



5d Approach

¥ Douglas (2010),  Lambert-Papageorgakis-Schmidt-Sommerfeld 
(2010)

¥ x6 !  x6 + 2!R 6   

¥ Low energy dynamics: F"# ~R6$ "#6 for abelian theory (F=*H), 

¥ 5-dim N=2 U(1) Maxwell Theory  with g52=8!R 6

¥ N M5 branes on S1 = N D4 branes 

¥ 5-dim N=2 U(N) Yang-Mills Theory

¥ Instantons = KK modes:    H0"# $ 6"#  ~ %"#&'  F"#  F&'   

¥ No additional KK mode is necessary 

¥ perturbative approach: D2F4 term at 6-loop (Bern et.al. 2012):  

¥ incomplete? need charged instanton contribution? 
(Papageorgakis and Royston 2014)



  5d Yang-Mills in Coulomb Phase

¥ Instantons= Kaluza-Klein modes , 8! 2 /g52= 1/R6

¥ threshold bound states  of k instantons for Kaluza-Klein 
momentum k quantum state

¥ massive tensor multiplet:  Instanton (1,0), 4 (1/2,0), 
5(0,0) ;  anti-instanton (0,1), 4(0,1/2),5(0,0) of 
SU(2)lxSU(2)r  of SO(4) rotational symmetry.

¥ the strong coupling limit (R "  () is the 6d (2,0) theory, 

¥  Monopole strings (1/2 BPS)

¥ Monopole string junctions (1/4 BPS)

¥ count BPS objects
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Dyonic Instantons in 5d N=2 SYM: SO(4) rot  x Sp(2)R

¥ Index for BPS states with k instantons

¥ " i : chemical potential for  U(1)N  "  U(N)color

¥ ) 1, ) 2, ) R  : chemical potential for  SU(2)1L, SU(2)2L , SU(2)R

¥ calculate the index by the localization:  

¥ 5d   N=2*  instanton partition function on R4 x S1:     t �q  t+ *

¥ In  * "  0  and small chemical potential limit, the index 
becomes 4d Nekrasov instanton partition function : 
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N-colored Young diagram & index

¥  

¥ For example 

¥ Evaluate the Gaussian integral and obtain the instanton index

¥ The index for the instanton (5d Nekrasov partition function)
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  6d (2,0) Theory on S 1xS5

¥ Radial quantization of d-dim conformal Þeld theory

¥ Euclidean R6 Ñ> Rx S 5 with conformal transform

¥ Minkowski RxS5: operator at the origin of R6 = instate

¥ Supercharge

¥ super algebra {Q,S} = E-j1-j2-j3-2(R1+R2)

¥ BPS states on S5: chiral operators  

¥ Witten index: 

¥  Counts the superconformal index

QR 1 ,R 2
j 1 ,j 2 ,j 3

! Q = Q
1
2 , 1

2

! 1
2 ,! 1

2 ,! 1
2
, S = Q 

E = j 1 + j 2 + j 3 + 2( R1 + R2)

I = Tr
!
(! 1)F e! ! �{ Q,S } e! !

"
E ! R 1 + R 2

2 ! m (R 1 ! R 2 )+ aj 1 + bj 2 + cj 3

#$
, a + b+ c = 0



Twisting & Dimensional Reduction   to R x CP 2

¥ Killing spinors: SO(1,5)=SU(2,2) chiral spinor and 4-dim of Sp(2)=SO(5)R

¥ 32 Killing spinors  =  3x8 (SU(3) triplet) +1x 8 (SU(3) singlet)  under 
SU(3) isometry of CP2:

¥ (I)  ++ # exp( -it/2 +3i y/2)É : singlet

¥ (II)   ++ # exp( -it/2 - i y/2)É : triplet

¥ Twisting
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5d Lagrangian on R x CP 2

¥ Lagrangian on R x CP2  with 2 supersymmetries for any p: 

¥ Supersymmetry Transformation

¥ p=-1/2 :  k = j1+j2+j3+ R1+ 2R2 

¥ additional supersymmetries: Total 8 supersymmetries
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the index function on S 1 x S5

¥ 5d SYM on S5    

¥ S-dual version of the index

¥ Vacuum energy:  

¥ Stationary phase: D1=D2=0, F= 2s J, , + D=4s,  s= diag(s 1,s2,É.,s N)

¥ Path Integral: Off-shell, localization

¥ For K=1, well-conÞrmed for k - N with N=1,2,3 with the AdS/CFT 
calculation

Hee-Cheol Kim, Seok Kim:1206.6339; Hee-Cheol Kim, Joonho Kim, S.K. 1211.0144
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Check

¥ Non-zero ßux states contributing to the index

¥ s=(N-1,N-3,É,-(N-1))  = s 0   : SU(N) Weyl vector

¥ index vacuum energy:  E0 = !
N (N2 ! 1)

6



5d Yang-Mills Theory in Coulomb Phase:

¥ 5d Massless Vector in Cartan = 6d Massless tensor: F"# =$ "#6

¥ 1/2 BPS 6d massless modes

¥ 5d Massive W-bosons= wrapped selfdual strings for each roots

¥ 1/2 BPS 6d selfdual strings 

¥ 1/2 BPS 5d magnetic monopole strings

¥ Interaction vertex: off-shell, structure constant fABC

¥ 5d )WW    f.-.i  : 6d selfdual string (.)  + massless cartan i 

¥ 1/4 BPS self string + momentum

¥ 5d WWW f.*)  : 6d wrapped selfdual string junction off-shell

¥ 1/4 BPS selfdual string junction

¥ for simple-raced group ADE: the second Casimir fABCfABC  is equal to 
anomaly coefÞcient cG 
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Elliptic Genus of E 8 Strings

¥ M2 brane connecting M9-M5 brane 

¥ O8-D8 NS5 brane D2 brane, (0,4) 1+1 theory 

¥ O(n) gauge theory+ vector (adj)+ hyper(symm)+ fermi 
(O(16)x O(n)) 

¥ holonomy A1+iA_2 = u 

¥ two holonomy, U1, U2 

¥ det U=   ±1  

¥ holonomy integral: elliptic genus 

¥ n=1,2,3,4 case done (n=1,2 known)



Conclusion

¥ M-theory still remain mysterious ever. 

¥ key mystery is nonabelian electromagnetic duality.)

¥ Exploration of M2 and M5 brane physics has been fruitful.

¥ We are in early stage of understanding the nature of 6d (1,0) 
and (2,0) superconformal Þeld theories.

¥ There are also gravity side of stories via AdS CFT 
correspondence.


